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We present recent results on a systematic method to calculate transport coefficients for 
a meson gas (in particular, we analyze a pion gas) at low temperatures in the context 
of Chiral Perturbation Theory. Our method is based on the study of Feynman diagrams 
i with a power counting which takes into account collisions in the plasma by means of a 

^ ' non-zero particle width. In this way, we obtain results compatible with analysis of Kinetic 

Theory with just the leading order diagram. We show the behavior with temperature 
i of electrical and thermal conductivities and shear and bulk viscosities, and we discuss 

1^""} , the fundamental role played by unitarity. We obtain that bulk viscosity is negligible 

1 against shear viscosity near the chiral phase transition. Relations between the different 

transport coefficients and bounds on them based on different theoretical approximations 
are also discussed. We also comment on some applications to heavy-ion collisions. 



1. Introduction 

Chiral Perturbation Theory (ChPT) is an effective field theory which describes the 
low-energy meson dynamics, based on the spontaneous breaking of the QCD chiral 
symmetry. The ChPT lagrangian consists of an expansion in masses and derivatives 
of the meson fields and perturbation theory is performed in powers of p (a meson 
momentum, mass or temperature) over A x ~ 1 GeV (for masses and momenta) or 
the critical temperature T c ~ 200 MeV (for temperatures). At zero temperature, 
the order 0(p D ) of a Feynman diagram is estimated by Weinberg's power counting: 
D = 2 + J2 n N n {n — 2) + 2i, where L is the number of loops, and N n is the number 
of vertices coming from the lagrangian with n derivatives. We will see that, for the 
calculation of transport coefficients, this formula does not provide the correct order 
for the contribution of the dominant diagrams. 

In Linear Response Theory (LRT), a transport coefficient 1 is calculated by 
means of Kubo-like expressions 

1=C % lim lim ^Tmi [ d A x&-*6(t)([Ax{x),As{0)]) , (1) 
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where C% is a constant, and A% certain operator (tensorial in general). The cal- 
culation of transport coefficients is non-perturbative due to the presence in the 
diagrams of pair of lines with non-zero width sharing the same four-momentum. 
The width corresponds to the inverse of the mean collision time. These lines give 
rise to products of the kind GaGr oc l/T, with r the particle width. According to 
this, in principle, the dominant contribution to transport coefficients would come 
from the so called ladder and bubble diagrams. In order to take into account these 
non-perturbative contributions, it can be showrff that in ChPT is necessary to use 
a power counting different from Weinberg's one for diagrams with r ^ 0. The lead- 
ing contribution %^ at low temperatures corresponds to a single bubble diagram 
with nonzero width. For T > M w it may be necessary to sum the ladder diagrams 
due to the dominance of derivative vertices.^ 

In the dilute gas approximation for the pion gas, r depends linearly on ov^, the 
pion-pion scattering cross section, that can be written in terms of partial waves tjj 
of total isospin / and angular momentum J. A crucial point is that the behavior 
of transport coefficients with increasing temperature is directly linked with that of 
the partial waves with increasing energy and therefore the unitarity bound plays 
a fundamental role. ChPT violates the unitarity condition SS^ = 1 lmtu(s) = 
o~(s) \tu(s)\ , with er(s) = y/l — iM^/s the nir phase space, since partial waves 
contain polynomials in s. We will use^ the so called Inverse Amplitude Method, 
which provides a exactly unitary amplitude reproducing the chiral expansion near 
the two-pion threshold. 

2. Electrical and thermal conductivities 

Specifically, we analyze the response from a gas against the presence of a constant 
electric field (DC conductivity). In this case in ([I]) we have C a = —1/3 and A a = J % 
(electric current). According to Kinetic Theory (KT) a ~ e 2 n c t 1 T/M 7T (n c h is the 
density of charged particles, r is the collision mean time, and e is the particle 
charge), and t ^ T ^ nva n7r (v is the mean speed of the particles). In the 

nonrelativistic limit, n ~ {y/AU r) 3 e" M " /T , v ~ y/T/A%, and oVtt is a constant, 
so that a ~ 1/y/T. This is consistent with our result in the ChPT diagrammatic 
approach for T < AU, namely crW> ~ 15 e 2 F*T^^ 2 AU 5/2 (F„ is the pion decay 
constant). The results for higher T are shown in Fig. Q] (left) where we see that 
unitarity changes the decreasing behaviour of the DC conductivity. 

The electrical conductivity is related to the soft-photon spectrum emitted by 
the gas of pions. Considering an hydrodynamical model of spherical symmetry in 
order to describe the expansion of the gas after a relativistic heavy ion collision^ 
we obtain a predi ction at the origin for the photon spectrum compatible with ex- 
perimental resultsP^ 

For the thermal conductivity, C K = — 1/(3T), and A K = T^. By KT: k ~ c p lv 
(c p is the heat capacity per unit volume and / ~ l/(a 7rw n) is the particle mean free 
path). In the nonrelativistic limit, c p ~ y-i/2 e -M x /T go t j iat K ^ j n Qur 
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Fig. 1. (Left) Results for the DC conductivity. (Right) Results for the thermal conductivity. 

ChPT scheme we obtain: for T < M w , ~ 10 F*T~ 3 / 2 Mn 1/2 , and for T ~ M„ 
T • ~ 7/ ). In Fig. Q] (right) we observe that our results for k get very close to 
those obtained by a KT analysis^ with unitarized amplitudes from ChPT. 

3. Shear and bulk viscosities 

The shear viscosity, T), is calculated by means of the formula (Q} with C v = 1/10 
and A v = Ty — 9ijT r /3 (non-diagonal part of the energy-momentum tensor). For 
the bulk viscosity, £, = 1, and Aq = — T' /3 — v 2 T 00 , where w s is the speed of 
sound in the gas. In Fig. [2] (left) we compare our results for viscosities with those 
obtained by Prakash et al. using a KT analysis^ We also agree with a pion gas 
KT work by Dobado et alW By nonrelativistic KT we expect now the behavior 
77, C ~ M-xVnl, so that ?y, £ ~ V^T and both viscosities should then be of the same 
order at very low temperatures. In fact, our ChPT calculation gives for T <C M„, 
v (o) ^ 37 T l ' 2 F^M^ 3/2 , and C (0) ^ 0.36 r/ ' (also compatible with the analysis of 
GavirP). For T ~ M T , - 1000 C (0) , so that the bulk viscosity is negligible at 
temperatures accessible in experiments. In fact, we get £' ' ~ (1/3 — v 2 ) 2 r]^ — ► 
for T ^> Mn-, in agreement with Hosoya et a/F^and Arnold alW 

Unitarity makes the quotient rj/s (s is the entropy density) for the pion gas 
respect the bound 1/(4tt) predicted by Kovtun et al.^ as we can see in Fig. [2] 
(right). In addition, near T c our value for rj/s is not far from recent lattice and 
model estimates.™ Although we do not represent it in the Figure, we do obtain 
a behavior for r\js growing with T for temperatures (unrealistic) > 550 MeV. A 
slowly increasing be havi or is also obtained by calculations from the quark gluon 
plasma (QGP) phaseP^ The sound attenuation length is given by (neglecting the 
contribution from the bulk viscosity) r s ~ 4ry/(3sT), and is directly related to phe- 
nomenological effects such as elliptic flow or HBT radii. We get, at T = 180 MeV, 
the value r s ~ 1.1 fm, in agreement with the estimate of Teaneyff^ 
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Fig. 2. (Left) Shear and bulk viscosities against temperature. (Right) n/s quotient. 
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